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A new method is presented for parametric correction of full-order analytical stiffness matrices from reduced-
order dynamically measured static flexibility matrices. The measured static flexibility matrix is formed using modal
data in conjunction with a residual flexibility estimate. The algorithm corrects model parameters by minimizing a
static flexibility matrix error residual constructed for measurement degrees of freedom only. By utilizing a flexibility
matrix residual instead of one derived using stiffness matrices, numerical problems associated with inverting a
rank-deficient measured flexibility matrix are avoided. Posing the problem in terms of flexibility matrices also avoids
the problems of modal correspondence, mode selection, and modal truncation. In addition, incorporating static
reduction relationships into the error residual makes prior eigenvector expansion or model reduction unnecessary.
Two formulations for the error residual are presented: an explicit inverse formulation and one derived from a
pseudoinverse relationship. The second leads to an exact linear update problem when all of the model degrees of
freedom are measured. Numerical simulation results demonstrate that both formulations are capable of localizing
and quantifying local stiffness errors in a full-order finite element model from reduced-order measurements.
Experimental results for a cantilever beam structure are also presented.

Introduction

HE ability to localize and quantify modeling errors or structural

damage is becoming an increasingly important factor in main-
taining performance, reliability,and cost effectivenessin a wide va-
riety of applications. These applications include aircraft and space-
craft, various types of mechanical machinery, and civil structures
such as buildings, bridges, and offshore oil/gas platforms.

The most common approach to the model update problem has
been to seek a refined finite element model whose modal properties
are in agreement with those from an experimental modal analysis of
the structure. A considerable amount of work in this area has been
published. Most of this research has centered on three model update
approaches: optimal matrix update, sensitivity-basedparameter up-
date, and eigenstructureassignment. A good introductory overview
of these techniques may be found in Ref. 1.

An advantage of modal-based update methods is that they uti-
lize data obtained from established modal testing techniques. These
techniques have been successfully applied to model reconciliation
and damage detection problems for a variety of structures. How-
ever, several difficulties remain that make modal-based techniques
impracticalin many instances. For a modally complex structure, it is
often difficult to determine the correspondencebetween experimen-
tal modes and modes from the analytical model. To achieve good
performance fromtechniquesthat minimize differencesbetweenex-
perimentaland analyticalmode shapesand frequencies,determining
modal correspondence is crucial. Another problem is choosing an
appropriate set of modes to use for the update. For computational
reasons, it is desirableto use as few modes as possible because most
modal-based update methods require computationally expensive
nonlinear optimizations. However, modes must be included that are
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sensitive to the local model errors that the algorithm is trying to lo-
calize. This suggests using as many modes as possible. In practice,a
compromise between these conflicting requirements must be made.
A third problem is modal truncation due to a finite measurement
bandwidth. Because the effects of residual dynamics from modes
outside the measurement bandwidth are neglected, the measure-
ments can only provide incomplete information about the structure.

One way to avoid these problems is to use measured static data in
the update processratherthan modaldata. Severalupdate techniques
have been developed along these lines and include those proposed
by Lallementetal.,> Hajela and Soeiro,? and Sanayeiand Onipede *
Typically, these are sensitivity-basedalgorithmsthat performan up-
date using deflection shapes obtained from static testing. However,
static testing has some serious drawbacks, including an inability
to handle free-free boundary conditions, additional cost associated
with instrumentation and construction of stiff support fixtures, and
potential dangers to the test article from relatively high load levels.

An alternative to using measured static deflection data is to use a
measured static flexibility matrix obtained from dynamic test data.
Recentlydevelopedtechniquesfor fitting experimentaldata for com-
plex structures have led to a computationally practical approach for
obtaining estimates of normal modes and residual flexibility, which
are then used to form a measured static flexibility matrix.>~® In
this paper, a new model update approach is presented that utilizes
dynamically measured static flexibility matrices and avoids many
of the problems encountered using modal-basedtechniquesor tech-
niques that use measured static deflection data.

This new approach also addresses another major obstacle in
the model update problem: the problem of a reduced number of
measurement degrees-of-freedom(DOF). In a typical problem, the
model has many more DOF than the measurements. This implies
that the measurements must be expanded or the model must be re-
duced before a comparison of the two can be made. This is usually
accomplished through eigenvector expansion or a model reduction
technique such as Guyan reduction.!” Problems are often encoun-
tered due to errors introduced by the expansionprocessand from the
smearing effect on modeling errors introduced by model reduction,
making error localizationdifficult. The new approach addressesthis
problem by incorporating the relationship between measurement
and model DOF directly into the flexibility error equation used to
perform the parameter correction. This allows the full-order model
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to be updated with a reduced-order measured flexibility matrix. In
addition, using a flexibility rather than a stiffness matrix residual
avoids numerical difficulties associated with inverting a reduced-
rank measured flexibility matrix. The measured flexibility matrix is
typically rank deficient because only incomplete modal information
and a partial estimate of the residual flexibility are usually available.

The remainder of this paper presents the theoretical development
of the flexibility-based update approach as well as numerical sim-
ulation results for the simple eight DOF discrete model introduced
by Kabe.!! In addition, experimentalresults are presented for a can-
tilever beam structure.

Theoretical Development
Static Finite Element Model Update Problem
Assume we are given a static finite element model of the form

K= ®

where K is the structural stiffness matrix of the nominal analytical
model in global coordinates, g&is a set of generalized coordinates
correspondingto the n global DOF, and i f1is the set of generalized
nodal forces. The problem is to find a perturbation matrix AK that
can be used to update K so that the model correlates with available
experimental data. In other words, a new model is sought such that

Kay={} @
where the updated analytical stiffness matrix K is given by
K=K+AK 3)

Itis alsodesired that this new modelretainthe basic propertiesof the
original model such as symmetry, positive definiteness, and model
connectivity.

Parametrization of the Stiffness Matrix

Many possibilitiesexist for parametrizationof the analyticalstiff-
ness matrix. A generalapproach is to write the stiffness matrix per-
turbation as a linear combination of sensitivity matrices such that

AK = i@& 4)

where 7 p is the number of parameters being updated and the S; are
the normalized sensitivity matrices given by

. 0K
Si= Pia_ ®)
Di
where p;, is the nominal value of the ith parameter. The ¢; are simply
the normalized changes to the updated parameter p; given by the
following ratio:

o= Di ~—P: (6)
Di

In other words, the ¢ indicate the percentage change of parameter
p; from the nominal model. Note that Eq. (4) is consistent with the
submatrix scalingparametrizationproposedby Lim.!? As a practical
matter, approximations to the S; matrices in this formulation are
easily obtained from commercial finite element codes by varying
the corresponding parameter and observing the net change to the
global stiffness matrix. This is particularly useful when the exact
element formulation is unavailable.

Flexibility Error Equation

The goal of the present model update procedure is to determine
the ¢; of Eq. (6) that minimize the error between the measured and
analytical static flexibility matrices. This problem can be expressed
as

(7

m&n” G _ G

where G is the measured flexibility matrix obtained at the mea-
surement DOF, which are typically a small subset of the analytical

DOF. Similarly, G, is the partition of the analyticalflexibility ma-
trix corresponding to the measured DOF only. Equation (7) forms
the basis for a flexibility-based model update approach. However,
several specific issues need to be resolved before implementation is
possible. Two of these are the formation of G,,,, and the choice of
a solution method for Eq. (7). In the sections that follow, two ap-
proaches for the formationof G,,,, are presented:an explicit inverse
formulation that uses a static reduction of the analytical stiffness
matrix to form G,,,, and an approximationto G,,,, based on a pseu-
doinverserelationship.Linear and nonlinearsolutionsare developed
for both approaches.

Explicit Inverse Formulation of Analytical Flexibility Matrix
The static flexibility matrix is defined as the inverse of the struc-
tural stiffness matrix,

G =K~ (8)

Partitioning the matrices into measurement DOF and omitted DOF
not contained in the measurement, Eq. (8) becomes

Gn‘l"‘l Gn‘lﬂ Kn‘lm KnTD _1
¢t a6, Ik «k, ©)

Utilizing an expression for the inverse of a block matrix,'3 the upper
left partition of Eq. (9) becomes

G = K- (10)

where K = K,y — Ko K='KT is simply the static or Guyan'®

reduction of the analytical stiffness matrix onto the measurement
DOF. Using Eq. (10), Eq. (7) can now be written

moicn”F(a)” (11)
where

F(&) = GY _ (K _ KpoK5' K2)™ (12)
Expanding F() in terms of the perturbationto the original model,
we get

F(@) = G" _[Kym + ARy — Ky + AK,y,)

x(f(w + AK,,)-"(KT + AKT

mo mu)]_l (13)
An examination of Eq. (4) shows that Eq. (13) is nonlinear with
respect to the unknown ¢;. To solve the minimization problem,
either a linear approximation must be used or an iterative nonlinear
approach employed.

In the remainder of the paper, the algorithm that performs a pa-
rameter correction based on minimizing Eq. (13) will be referred to
as the flexibility error reduction algorithm (FLEX).

Approximate Linear Least-Squares Solution
To obtaina linear solution, F( ) is rewritten in terms of its Taylor
series expansionabout o= 0 as

o + N(o (14)

a=0

 OF
F(0) = F(0) + 25_06

The first term F(0) is obtained by setting the ¢ = 0 in Eq. (13),
which gives

F(0) = G" _ (K —_ KoKz K2)™ (15)
which is simply the flexibility error for the nominal model at the

measurement DOF. In Layton,'# it is shown that the partial derivative
of the matrix inverse may be written as

1
—aaA@ = _A—lg—:A—l (16)
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Using this relationshipas well as the sensitivity expressions given
in Eq. (4), the ith derivative term may be expressed as

oF -
— = K-'(S,,, _S,,, K;' K}, — K., K5;'S]
a q 'mo
+ K, K='S, K= KT ) K- (17)

where again K= Ko — Ko K KT and the subscripts mm, mo,
and oo correspond to measured and omitted DOF partitions of the
respective matrices. Evaluating this expression when o = 0, Eq.

(17) becomes

oF

— = Kz\(S,,,, — S, Kz KT, _ Ko K5'ST
a q aeo mo

where Koom = Ko — Koo K ~I KT is the static reduction of the
nominal analytical stiffness matrix. If we neglect any higher-order
and nonlinearterms contained in N(@), a linear matrix equation can

be written for ¢; as

np
ZGO& = F(0) (19)
where the constant matrix C; is given by
Ci = oF (20)
LT 06 g

Because the matrices involved are symmetric, the unique entries can
be used to write the problem in the familiar linear least-squaresform
as

C{a= {8} (21
where the ith column of C is formed from the unique entries of C;
and the vector §{B1is formed from the unique entries of the matrix
B. In general, N(ty) will be nonzero for this approach. Therefore,

the linear solution will generally be only used as a starting point for
a nonlinear iterative solution algorithm.

Nonlinear Solution

Many techniques exist for the minimization of nonlinear func-
tions. The results that follow use the Davidon—Fletcher-Powell met-
ric gradient search method.!> Because use of the Froebenius norm
facilitates calculation of the gradient needed for this technique, it is
used in Eq. (11) and the function to be minimized becomes

@ = iﬁ}ak(a)]z (22)

where m is the number of measurement DOF. To avoid numerical
conditioning problems, this function is normalized by the function
value at the initial parameter estimate to give the followingobjective
function:

_F(w
el

The gradientis then found by takingthe derivativesof J with respect
to ¢, which are given by

(23)

a7 L3 2
—= 2F —F 24
= T s | gr@| oo
where (8/0¢;) F(q) is given by Eq. (17).

Approximate Pseudoinverse Formulation for the Analytical
Flexibility Matrix

One of the drawbacks of explicitly forming G,,,, is the need to
calculate K—!. Anotherapproachis to define the structuralflexibility

as the Moore—Penrose pseudoinverse'® of the structural stiffness
matrix:
G =K" (25)

From the definition of the Moore—Penrose pseudoinverse, we can
write

G =GKG (26)
Expanding Eq. (26) for the G, partition yields
Gmm — Gmm Kmm Gmm — Gmu K}Z‘;D Gmm

— Gmm KI’"D GT Gmu KDD GT = O (27)

mo = mo

As before, G, is related to G,,,,,, by
Gino = —Goun Ko K37 (28)
and Eq. (27) reduces to
Goin = Goum Kopm Goum — Grum Ko K53 Ky G (29)

mo

One way to avoid explicitly forming an inverse to get G, is to
substitute the measured flexibility matrix G¥ for G, in the right-
hand side of Eq. (29). This leads to the estimate G,,,, given by
E;mm = GMK}'"mGM —GMK}'"DKD_Dl K}Z‘;ﬂ GM (30)
The justification for making this substitution lies with the fact that
in the limit that G,,,,, approaches G¥, G,,,, will also approach G*.
Therefore, substituting G,,,,,, for G,,,,, in Eq. (7) is acceptableas long
as the final errorresidual is small. Following the developmentof the
earlier approach, F(0) can now be written
F(o) = G _G"K,,,G" + G"K,,,K' K" G" (31)

mo

and
F(0)= GY _G"K,,,G" + G¥K,,K='K' G" (32
g—: = _GM(Si,,I,,, —Sive KL;I K;O _K,, KL;I S,fm
+ K. KZ'S,, K- KL ) GM (33)
g—: e = _GM(Si,,I,,I —Sine I~(0—01 I},ﬁa _ I~(,,w I};f S,fm
+ K, KZ'S, K= KT )G (34)

Using Eqgs. (32) and (34), the nonlinear remainder term of Eq. (14)
can be expressed as

N(0) = GV[ KoKy,  AKy, K57 K],

mo

+ AK, K=" AK! _ K,,okK", _ K, o KAK",
—AK,,kK!, _AK,,KAK,|G" (35)

where k= K-'(K=-'+ AKZH~! K=L It is interestingthat when all
of the model error is contained in elements that only touch measure-
ment DOF, AK,, = 0 and AK,,, = 0. Also, because AK,, __,0
implies that K __, 0, N(a) = 0 in this case. In other words, this
update formulation becomes exactly linear when all of the model
DOF are measured.

To distinguishthis approach fromthe previousone, the remainder
of this paper will refer to the algorithm that performs a parameter
correction based on minimizing Eq. (31) as the pseudoinverse for-
mulation for flexibility error reduction algorithm (PseudoFLEX).

Obtaining the Measured Flexibility Matrix from Dynamic Data
InRefs. 5-9, it is shown in detailhow a measured flexibility matrix

can be calculated from measured mass-normalized normal mode

shapes, measured modal frequencies, and a rank-deficient estimate
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of the residualflexibility obtained from driving point measurements.
The relationship can be expressed as

GM = q)M(AM)_l(q)M)T + E;'M (36)
where @Y is the measured mass-normalized modal matrix, A is
the diagonal matrix of the squares of the natural frequencies, and
GM is an estimate of the residual flexibility due to missing or out of
bandwidth modes.

The referenced techniques outline a procedure for obtaining the
quantities used in Eq. (36) in a systematic and practical manner.
First, an overspecified state-space model is obtained from the mea-
sured frequency response data, using an efficient formulation of
the eigensystemrealizationalgorithm ERA called FastERA.¢ Next,
the first-order damped realization is transformed to an equivalent
second-order basis and the mass-normalized modal data are ex-
tracted. This is accomplished using the common basis-normalized
structural identification algorithm.> The mass-normalization of the
undamped measured modes is based on displacement compatibility
at one or more driving point sensor locations. This initial modal
model is then utilized in a frequency-domain curvefit procedure,
which yields an estimate of the measured mode shapes along with
estimates for a residual flexibility and residual mass term. Using this
residualflexibilityterm, the residualflexibility matrix can be formed
using the methods outlined in Doebling et al.® and Doebling’

It should be noted that the size of G is only dependent on the
number of measurement DOF, not the number of modes. There-
fore, there is no penalty for including more modal information in
the measurement. Also, because the flexibility matrix forms the ba-
sis of comparison in this approach, knowing the correspondence
between measured and analytical mode shapes is unnecessary to
perform the update. In addition, adding the estimate of the residual
flexibility can reduce the effects of modal truncation when only a
small number of modes are measured. This is demonstrated in the
numerical example that follows.

Numerical Simulation Results
Kabe’s Eight DOF Mass-Spring Model

These simulations were conducted using the eight DOF example
presented by Kabe.!! This model includes 8 masses and 14 springs
with a connectivityas shown in Fig. 1. The modelis characterizedby
large relative differences in stiffness, which lead to poor numerical
conditioning and closely spaced modes.

Normalized sensitivity matrices for the 14 spring stiffness pa-
rameters were computed using Eq. (5). Table 1 contains two sets of
spring stiffness values: the initial stiffness values, which are used to
formulatethe analyticalmodel,and a set of perturbedspringstiffness
values, which are used to generate simulated experimentaldata. It is
assumed that the masses remain unchanged from their initial values
of m; = 0.001, m,,...,m; = 1.0, and mg = 0.002. The mass
and stiffness matrix of the experimental model are used to generate
the complete set of experimental frequencies and mass-orthonormal
mode shapes. The simulated data consist of an experimental modal
set and an estimate of the residual flexibility matrix. The experi-
mental modal set is taken to be a subset of this complete modal
set, starting with the lowest frequency mode. The rest of the mode
shapes and frequencies are considered to be unmeasured residual
modes. To be consistent with experimental procedures, the estimate
of the residual flexibility matrix is obtained using only the compo-
nentsof these residualmodes that correspondto driving point sensor

Fig.1 Eight DOF Kabe model.

Table1 Kabe modelstiffness parameters

Normalized Spring Initial stiffness Perturbed stiffness

parameter  stiffness value value
o ki 1.5 2.0
[07) ke 10.0 10.0
o3 ks 100.0 200.0
oy ka 100.0 200.0
[0 ks 100.0 200.0
(03 ke 10.0 10.0
oy ke 2.0 4.0
[0} ks 1.5 2.0
[0 ko 1000.0 1500.0
Qo k1o 900.0 450.0
a ki1 1000.0 1500.0
apn k12 1000.0 1500.0
a3 ki3 900.0 450.0
on k4 1000.0 1500.0

Table 2 Normalized parameter value for FLEX update

Normalized Linear Nonlinear Exact
parameter solution solution solution
o _0.33 _0.25 _0.25
[02) 0.22 0.00 0.00
(o] —0.70 —0.50 _0.50
oy _0.22 _0.50 _0.50
o5 _0.66 _0.50 _0.50
(03 0.41 0.00 0.00
o _0.92 _0.50 _0.50
[0} _0.29 _0.25 _0.25
[0 _0.50 _0.33 _0.33
ot 0.76 1.00 1.00
oy _0.53 _0.33 _0.33
oy _0.53 _0.33 _0.33
o3 0.78 1.00 1.00
o4 _0.50 _0.33 _0.33

locations. To limit complexity, it is assumed that all of the sensor
locationsare also driving points. Using these simulated data, G is
formed using Eq. (36).

Updating all Spring Stiffnesses with Full-Order
Flexibility Measurement

For these simulations, all 14 of the perturbed spring stiffness val-
ues are used to form the experimental model. It is assumed that per-
fect measurements are available at all eight DOF. Table 2 compares
the linear, nonlinear, and exact solutions when the FLEX algorithm
is used for this problem and all eight modes are used to form the
measured flexibility matrix. Although the linear solution produces
errors in the parameters, the nonlinear solution achieves an exact
update. Additional simulations have shown that identicalresults are
achieved using any number of modes with an estimate of the residual
flexibility.

The next set of simulations was conducted using the PseudoFLEX
algorithm. As discussed earlier, the update problem is exactly lin-
ear for the PseudoFLEX formulation, because the measurementand
model DOF are the same in this case. Therefore, an iterative non-
linear solution is unnecessary. When there is no noise and all DOF
are measured, an exact update of all 14 spring stiffnesses is again
achieved using any number of measured modes and an estimate of
the residualflexibility. When no residualflexibility estimate is used,
five measured modes are needed to get an exact update. Without
residual flexibility, this is the minimum number of modes neces-
sary to uniquely determine the solution of the 14 parameters in this
problem. Fewer modes would be needed if a smaller number of
parameters are updated.

Detecting Errors in Interior Elements
with a Reduced-Order Measurement

Although the previous case illustrates that exact updates are
achieved when all model DOF are measured, of greater interest
is the ability of the algorithm to detect errors in interior elements
using a reduced-ordermeasurement. This is because the number of
measurement DOF is typically much smaller than the number of
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Table 3 Normalized parameter values for reduced-order update
of interior springs using one mode and a residual flexibility estimate

Case 1 Case 2

Linear Nonlinear Exact Linear Nonlinear Exact
Parameter solution solution solution solution solution solution

o0 0.00 0.00 0.0 0.55 1.00 1
o 0.58 0.50 0.5 0.12 0.50 0.5
o3 0.00 0.00 0.0 0.55 1.00 1

o - updated stiffness parameters

[] - measured DOF

Fig.2 Measurement and model error locations for interior spring up-
date.

model DOF in applications of interest. For these simulations, it is
assumed that only the two distant DOF associated with m; and mg
are measured and the three most interior spring stiffnesses are to
be updated. Figure 2 shows the location of the measurement DOF
and the perturbed springs. Because only two DOF are measured,
the experimental modal vectors contain only two elements. In other
words, a 2 y, 2 measured flexibility matrix is used to update the
8 ¢ 8 analytical stiffness matrix in this example. For these simula-
tions, only the PseudoFLEX results are presented. Similar results
have also been achieved using the FLEX algorithm.

Two cases are examined. In the first, the interior model error is
simulated by a 50% decrease in the spring stiffness associated with
oy (the spring between my4 and ms). For the second case, all three
spring stiffnesses are changed. There is again a 50% decrease in
the qu spring, whereas the i and i4 springs have their stiffness
increased by 100%. In both cases, only one measured mode along
witha residualflexibility estimateis used forthe update. In obtaining
the residual flexibility matrix estimate, it is assumed that the sensor
locations at m; and mg are driving point locations.

The results for both casesare shown in Table 3. In the first case, the
linear solution was able to localize and reduce the parameter error
from 50 to 16%. Starting with the values from the linear update,
the nonlinear solution converges to the exact result in just a few
iterations.Inthe second case, the linear solutionproducessubstantial
error in all three stiffness values. However, the nonlinear gradient
search is again able to start with this linear solution and converge
to the exactresultin justa few iterations. These results demonstrate
that it is possible to both localize and quantify model error involving
relatively large parameter changesin a region located away from the
measurement DOF. Even when the problem is nonlinear, the linear
solution provides an initial parameter estimate that can be refined
by a nonlinear search.

Effect of Measurement Noise

An important consideration in the development of any model up-
date algorithm is its sensitivity to uncertainty in the measurements.
To study the effect of measurement noise, it is assumed that all
modes are available and measurements are obtained at all DOF of
the model. Measurementnoise is simulated by adding white noise to
each ofthe simulated measured mode shapes. The maximum magni-
tude of the noise vector coefficients is set to be the productof a noise
percentage factor with the euclidean norm of the mass-normalized
mode shape. The noise percentage factor remains the same for each
of the modes.

The effect of measurement noise is studied by comparing the
relative error in the updated stiffness values to the relative error in
the mass-normalized measured modal matrix. The relative error in

the updated stiffness values is expressed in terms of the normalized
parameters as

D Yinal — P Lexact _ Olinal — Xact

Rl I

and the relative error in the mass-normalized modal matrix is given
by

(37)

o

| exact

(38)

where A® is simply the matrix whose columns are the white noise
vectors added to the individual mode shapes. For each algorithm,
three updatecases were studied. The first is the update of all 14 spring
stiffness values. The second is the update of the three spring stiffness
values with the most sensitivity in the error residual. The final case
studied is the update of only the two parameters with the most sensi-
tivity in the error residual. Several examples with varying amounts
of measurement noise were generated for each test case. Figure 3
shows the results for simulations performed using the FLEX algo-
rithm, and Fig. 4 shows the results using the PseudoFLEX algorithm.

The results demonstrate that sensitivity to measurementnoise is a
serious issue for both the FLEX and PseudoFLEX approaches when
many parametersare estimated. With both approaches, virtually any

0.2 T T T T T T
* - 14 parameter updatc :
0.18 + - 3 parameter update
o - 2 parameter update
0.16
0.14
*
”aﬁnal_aexact“ 042 :
1} Oexaed] ; :
0.08
0.06
+
0.04 :
L 7
o.ozL : ey :
) L R
R N i [c
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0 0002 0004 0006 0008 001 0012 0014 0016 0018 0.02
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]

Fig.3 Effect of measurement noise on Kabe’s problem using FLEX.
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Fig.4 Effect of measurement noise on Kabe’s problem using Pseudo-
FLEX.
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amount of measurement noise caused substantial parameter errors
in the 14 parameter updates. However, this error was typically con-
centrated in the parameters for which the error residual had little
sensitivity. It should be noted that the full update of Kabe’s prob-
lem is severely ill-conditioned, with the stiffness and mass values
varying by over three orders of magnitude. Although this allows an
update for the noise free case, it prevents an accurate estimate of
all parameters in the presence of noise. In practice, parameters with
virtually no sensitivity in the error would not be estimated. The
results for the two and three parameter update cases demonstrate
that the performance is improved as the problem becomes better
conditioned. However, despite this improvement, the results show
that measurement noise sensitivity is still significant, particularly
for the PseudoFLEX algorithm, which magnifies errors even in the
two parameter update case. On the other hand, the FLEX algorithm
attenuatesthe error in the two parameter case. The effect of noise on
PseudoFLEX, which deserves further investigation, is likely due to
the fact that the resulting linear update equation has correlated noise
on both the observationand the coefficient matrix. The least-squares
solutions of overdetermined equations of this form are themselves
research topics as discussed in Ref. 1.

Experimental Application

This section presents results for updating a finite element model
of a cantileverbeam structure. Based on the simulationresults of the
previous section, the FLEX algorithm was chosen for this update.
The dimensions and physical parameters for the beam are given
in Table 4. An experimental modal analysis was conducted on this
structure that yielded the first four bending modes. The identified
modal frequencies are shown in Table 5. The beam was modeled
by constructinga four-element finite element model. In addition to
the elements used to model the beam, beam elements were added
from each sensor location to its nearest beam node. This was done
to account for the discrepancy between the actual sensor locations
and the locations of the beam nodes. These beams were given a
very high stiffness to make them appear as rigid links to the sen-
sors. Also, point masses were added to the model to account for
the additional mass of the sensors and cables. For the sake of com-
parison, the modal frequencies derived from this analytical model
are also shown in Table 5. The objective in this problem is to use
the experimental data and the FLEX algorithm to experimentally
determine Young’s modulus E for the beam. Although simplistic,
this affords us the luxury of determininga parameter that we already
know with a high degree of confidence. To meet this objective, a
measured static flexibility matrix is formed using the four experi-
mentally determined mode shapes and frequencies and an estimate
of residual flexibility obtained using the methods discussed previ-
ously. Using the full-order model, a normalized sensitivity matrix
is computed with respect to E for the beam. Young’s modulus for
the beam elements used to model the sensors is not updated.

Table4 Geometric and material parameters
for cantilever beam structure

Parameter Value
Length L, m 1.5
Width b, in. 2.0
Thickness 7, in. 0.5
Young’s modulus E, GPa 70
Density p, kg/m® 2710
Poisson’s ratio v 0.346

Table5 Experimental and nominal analytical
modal frequencies for cantilever beam

Experimentally Analytical
measured frequency,
Mode description frequency, Hz Hz
First bending 4.34 4.26
Second bending 27.06 25.95
Third bending 77.55 76.63
Fourth bending 149.47 145.55

In this problem, there are only 13 measurement DOF, leading
toa 13, 13 measured flexibility matrix. By contrast, the full-order
stiffness matrix being updatedhas 90 DOF. Also, because the sensor
measurements are located at nodes offset from the beam, the model
error being corrected is contained entirely in elements that do not
touch measurement DOF.

Several updates were performed, starting with different values of
E in the nominal analytical model. These initial values are shown
in Table 6 along with the resulting updated values for E. In each
case, the update consistentlyconvergedto the same value, 84.3 GPa.
Because the material is 6061-T6 aluminum, the actual value for E
should be around 70 GPa. The most likely explanation for this dis-
crepancy is that the highly overdetermined set of equations given
in Eq. (21) is leading to a large bias due to measurement noise. To
help alleviate this effect, the number of observations contained in
the right-hand side of Eq. (21) may be reduced. One way to ac-
complish this is to use only those observations corresponding to
the largest elements of G, making sure that enough observations
are included to uniquely determine the problem for the number
of parameters updated. Using a reduced number of observations,
the updates were again performed with the results again shown in
Table 6. In the reduced-observation case, the parameter estimate
converged to an improved value of E = 76.87 GPa. The remaining
error could still be the result of measurement noise. Other explana-
tions include errors in other model parameters or improper mass-
normalization of the measured mode shapes. However, it is clear
that the resulting update is reducingthe error between the measured
flexibility and the flexibility of the analyticalmodel. Figure 5 shows

>

ra

Flexibility error for updated model

Fig.5 Update reduces static flexibility error between model and mea-
surement.
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Table 6 Initial and updated values for Young’s modulus

Update with Nominal E

Original update reduced observations  for L6061

Initial E, Updated E, Updated E, aluminum,
Gpa o GPa o GPa GPa
7 11.05 84.33 9.98 76.87 70
35 1.41 84.33 1.20 76.87 70
70 0.20 84.33 0.10 76.87 70
84 0.00 84.33 _0.08 76.87 70
105 —0.20 84.33 —0.27 76.87 70

the reduction in the flexibility matrix error residual achieved for the
case where E for the nominal model is 70 GPa.

Conclusion

A new approach to model update has been presented that utilizes
a measured static flexibility matrix obtained from dynamic testing.
The measured flexibility matrix includes contributions from all the
measured modes as well as any available residual flexibility in-
formation. By formulating the update problem in terms of static
flexibility, the problem of modal correspondence between experi-
ment and model is avoided. Also, choosing a small modal set to
avoid excessive computations is unnecessary because the size of the
flexibility matrix does not increase when additionalmodal informa-
tion is added. In addition, the ability to easily incorporate residual
flexibility reduces the effect of neglected residual dynamics due to
modal truncation.

Simulation results show that the method can detect and quantify
model errors that are deeply embedded in elements that do not touch
the measurement DOF. The formulation allows the full-order ana-
lytical stiffness matrix to be updated, even when the measurement
DOF are a small subset of the analytical DOF. The simulations
also show that the algorithms are highly susceptible to measure-
ment noise when the problem is ill-conditioned. This is particularly
true of the PseudoFLEX algorithm, which showed a higher noise
sensitivity than the FLEX algorithm.

Finally, experimental results for a cantilever beam structure
demonstratethat the technique can be successfullyappliedto exper-
imental data and that the effects of measurement noise are reduced
by limiting the number of observations obtained from the flexibil-
ity error residual. The results show that the flexibility error between
measurementand modelare significantly reduced during the update.
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